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Abstract 

Let 3 be a symmetrically-normed ideal of the space of bounded operators acting on a Hilbert space 
H. Let {pi }i (1 < w < oo) be a family of mutually orthogonal projections on H. The pinching 
operator associated with the former family of projections is given by 

w 

P:3^3, P(x) = ^T P% x Pl . 

i=i 

Let Uj denote the Banach-Lie group of the unitary operators whose difference with the identity 
belongs to 3. We study several geometric properties of the orbit 

W 3 (P) = {L U PL U * : u G W 3 }, 

where L u is the left representation of Uj on the algebra B{3) of bounded operators acting on 3. The 
results include necessary and sufficient conditions for Uj (P) to be a submanifold of B(3). Special 
features arise in the case of the ideal A of compact operators. In general, U$(P) turns out to be a 
non complemented submanifold of B(&). We find a necessary and sufficient condition for Ua(P) to 
have complemented tangent spaces in B(&). We also show that (P) is a covering space of another 
natural orbit of P. A quotient Finsler metric is introduced, and the induced rectifiable is studied. 
In addition, we give an application of the results on Uj (P) to the topology of the Wj-unitary orbit 
of a compact normal operator. Q 

1 Introduction 

Let T-L be an infinite dimensional separable Hilbert space and B(H) the space of bounded 
linear operators acting on H. We denote by U the group of unitary operators on H. Let 
$ be a symmetric norming function and 3 = (3$ the corresponding symmetrically-normed 
ideal of B(TL) equipped with the norm || . [[3. Let denote the group of unitaries which are 
perturbations of the identity by an operator in 3, i.e. 

= {u eU : u - 1 e J}. 

It is a real Banach-Lie group with the topology defined by the metric d(u±, 112) — \\u\ — tt2 
and its Lie algebra equals 

3sh — { x e 3 : x* — -x }, 

which is the real Banach space of skew-hermitian operators in 3 (see [5]). 

Let {pi}i (1 < w < 00) be a family of mutually orthogonal hermitian projections in 
B(H). We do not make any assumption on the sum of all the projections of the family, 
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so we could have that the projection po := 1 — Yli=iPi i s nonzero. The pinching operator 
associated with { pi }f is defined by 



where in case w = oo the series is convergent in the uniform norm. Let 13(3) denote the 
Banach algebra of bounded operators acting on 3. Left multiplication defines the bounded 
linear operators L x : 3 — > 3, L x (y) = xy, for x G B(Ti) and y € 3. The left representation 
of Uy on 13(3), namely Uy — > 13(3), u h- > L u , allows us to introduce the following orbit 



The aim of this paper is to study geometric properties of this orbit. Since every pinching 
operator is a continuous projection, the present work might be regarded as a modest con- 
tribution to the vast literature on the differential and metric geometry of unitary orbits of 
projections in different settings (see e.g. [TJ HI [JJ [HJ [23] ) . Despite of some usual geometric 
properties that have already been studied in the afore-mentioned papers and still hold in this 
special orbit, we will also show some new special features of (P), especially concerning 
with its submanifold structure. 

Pinching operators generalize the so-called notion of pinching of block matrices developed 
in matrix analysis (see e.g. [5]). In the framework of symmetrically-normed ideals, these 
operators have been studied in (T7J [22] . If CT is the trace class ideal, pinching operators arise 
in quantum mechanics due to a well-known postulate of von Neumann on the measurement of 
density operators [25j . More recently, they have been shown to be examples of the quantum 
reduction maps introduced in [20) . 

Let us describe the contents of the paper. 

In Section 2 we recall some basic facts on symmetrically-normed ideals, pinching op- 
erators and submanifolds of Banach manifolds. Section 3 is devoted to the study of the 
differential structure of (P). For any symmetrically-normed ideal 3 different from the 
compact operators, we describe in Theorem 13.91 several equivalent conditions to U^(P) be a 
submanifold of 13(3). For the ideal .ft of compact operators many of these conditions are no 
longer equivalent. In fact, U&(P) is always a quasi submanifold of B(M), which rarely has 
complemented tangent spaces in B(&) (see Theorem 13. 16p . 

In Section 4 we go further into the topological structure of (P) . We show that (P) 
is a covering space of another natural orbit of P. The methods of this section use those of [3], 
where a similar situation arises in relation with the unitary orbit of a conditional expectation 
in von Neumann algebras. 

The Section 5 is concerned with the metric structure of (P). Motivated by similar 
results on other homogeneous spaces [2j [12] we study the rectihable distance induced by 
quotient Finsler metric on IA^(P). Under the assumption that the quotient topology on 
Uy(P) coincide with the inherited topology from 13(3), we prove that the rectihable distance 
defines these topologies. As a by-product we find that (P) is complete with the rectifiable 
distance. 

In Section 6 we study the topology of Wj-unitary orbits of a compact normal operator. 
These type of unitary orbits may be endowed with the quotient topology, though there is 
another quite natural topology, the one defined by the norm of the ideal 3. We show that 
both topologies coincide if and only if the compact operator has finite rank. The proof makes 
use of the previous results on the topology of (P). This result is related with several works 
[2] [3] El [9] , where under different assumptions, the finite rank condition appears as sufficient 
to the statement on the topologies. 





U 3 (P) :={L U PL U , : 



2 



2 Preliminaries 



Symmetrically-normed ideals. We begin with some basics facts on symmetrically- 
normed ideals. For a deeper discussion of this subject we refer the reader to [17] or [22] , 

Let T-L be a Hilbert space. No confusion will arise if | . || denotes the norm of vectors in 
W and the uniform norm in B(H). For £, r/ G Ti, let £ ® 77 be the rank one operator defined 
by (£ ig) r/)(£) = (Cj r l) f° r C £ By a symmetrically-normed ideal we mean a two-sided 
ideal 21 of S('H) endowed with a norm || . \\j satisfying 

• (2J, || . H3) is a Banach space. 

• \\xyz\h ^ Ikllllylblkll) for x -> z e B C^) and y G 3 - 

• lie ®^h = \UUV foremen. 

A result that goes back to J. Calkin ([H]) states the inclusions J C 3 C ^, where J is the 
set of all the finite rank operators, 21 is a two-sided ideal of B(H) and M. the ideal of compact 
operators on T-L. 

Symmetrically-normed ideals are closely related to the following class of norms. Let c be 
the real vector space consisting of all sequences with a finite number of nonzero terms. A 
symmetric norming function is a norm $ : c —¥ K satisfying the following properties: 

. $(1,0,0,...) = 1. 

• $(ai,a 2 , . . . , a„,0,0, . . .) = ^(\a n \, |a i2 |, . . . , \a Jn \,0,0, . . .), where ji, . . . ,j n is any per- 
mutation of the integers 1,2, ... ,n and n > 1. 

Any symmetric norming function $ gives rise to two symmetrically-normed ideals. Indeed, 
for any compact operator x one may consider the sequence (s n (x)) n of its singular values 
arranged in non-increasing order, and thus define 

||x||$ := sup$(si(x), s 2 (x), . . . , Sk(x), 0, 0, . . .) e [0, 00]. 
fc>i 

It turns out that 

6$ := { x G & : \\x\\i < 00 } 
and the || . ||$-closure in (5$ of the finite rank operators, that is 

6i 0) :=r IMI *, 

are symmetrically-normed ideals. It is not difficult to show that = (3$ if and only if 
6$ is separable. Moreover, any separable symmetrically-normed ideal coincides with some 
©i 0) (see [13 p. 89]). 

Pinching operators. Let $ a symmetric norming function, and 2J = 6$. Recall that given 
a family {pi}™ (1 < w < 00) of mutually orthogonal hermitian projections, i.e. 

Pi=P*, PiPj = Sij, 
we define the pinching operator associated with the family by 

w 

P:3 — >3, P(x) = y~]pixpi, 

i=l 

Notice that we might have w — 00. Since x is compact, the series, which at first converges 
in the strong operator topology, turns out to be convergent in the uniform norm. It is also 
noteworthy that P is well defined in the sense that P(x) G 3 whenever x G 21 (see [TTT p. 
82]). 
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Bellow we need to consider the Banach algebra B(3) of all bounded operators on 3 with 
the usual operator norm: for X e B(3), 




sup \\X(y)\\ 3 . 



We collect some basic properties of pinching operators in the next proposition. 

Proposition 2.1. Let <f> a symmetric norming function, and 3 = Let P be the pinching 
operator associated with a family {pi}™ . The following assertions hold: 



ii) P is a module map over its range. 

iii) P(x)* = P{x*). 

iv) P is continuous. In fact, ||-P||g(j) = 1. 

Proof. The proofs of i) — iii) are trivial. For a proof of iv) we refer the reader to (TTJ p. 



Submanifolds. In the paper we will use different notions of submanifold of a (Banach) 
manifold. Since the terminology is not uniform in the literature, we need to mention that 
we follow Bourbaki 10 . To be precise, let M be a manifold and N a topological space 
contained in M . Recall that a subspace F of a Banach space E is said to be complemented 
if F is closed and there exists a closed subspace F\ such that F © F\ = E. We will use the 
following definitions: 

• N is a submanifold of M if for each point x € N there exists a Banach space E and a 
chart (W, <f>) at x, (f> : W C M — > E, such that 4>{W n N) is a neighborhood of in a 
complemented subspace of E. 

• N is a quasi submanifold of M if for each point x € N there exists a Banach space E 
and a chart (W, (f>) at x, 4> : W C M — >■ E, such that </>(W n N) is a neighborhood of 
in a closed subspace of E. 

The following criterion will be useful (see |10|). 

Proposition 2.2. Let M be a manifold, N be a topological space and N C M . Then N is a 
submanifold (resp. quasi submanifold) of M if and only if the topology of N coincides with 
the topology inherited from M and the differential map of the inclusion map N <—} M has 
complemented range (resp. closed range) at every x G N. 



Throughout this section, let $ a symmetric norming function, and 3 = 6$. Let P be 
the pinching operator associated with a family of mutually orthogonal projections {pt}i 
(1 < w < oo). We first show that U?{P) has a smooth manifold structure endowed with the 
quotient topology. 

Lemma 3.1. Let x 6 B(T-L). Then L X P = PL X if and only if x = *^2™ =0 PiXPi- 
Proof. Suppose that L X P = PL X , which actually means that 



i) P 2 = P. 



82]. 



□ 



3 Differential structure of Uj(P) 




i=l 
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for all y G 3. Let i > and (e„)„ be a sequence of finite rank projections such that e n < pi 
and e n /~ Pi in the strong operator topology. We first assume that i > 1. Replacing y by 
e n , we get p%xe n = xe n for all n > 1. This gives ftxpi = for all i > 1. Thus Pjicpi = 
for all i > 1 and j > 0. In the case in which i = we replace y by po^*- Then we see 
that Pixpo = for all i > 1, and thus x must be block diagonal. The proof of the converse 
assertion is trivial. □ 

Proposition 3.2. Let $ a symmetric norming function, and 3 = ©$. Then Uj(P) is a real 
analytic homogeneous space of . 

Proof. Note that the isotropy group at P of the natural underlying action of lAy is 

G = {u£U 3 : L U P = PL U }. 
It is a closed subgroup of Uj. Its Lie algebra can be identified with 

g = {ze3 sh : L Z P = PL Z }. 

We will prove that G is a Banach-Lie subgroup of Uy. Let u = e z G G, with z G 3 s h and 
H^lla < 7r. By the condition on the norm of z, we have z — log(u) = X)^°=o (»+i) ( u — l) n+1 - 
Notice that L n P = PL„, or L U -±P = PL u -\, clearly implies L r( - M _ 1 )P = PL,,,^^^ for any 
polynomial r G and by continuity we have L Z P — PL Z . Denote by exp w : 3 s h — > 14^, 

exp W;j (z) = e z the exponential map of the Banach-Lie group Uj. Hence we have proved that 
exp M {QC\V) = Gnexp w (V), for any sufficiently small neighborhood V of the origin in 3 s h- 
On the other hand, by Lemma 13.11 we can rewrite the Lie algebra as 



Q = I y^^PiZpi : z G 3 sh >, 

i— n ' 



i=0 

which is a real closed subspace of 3 s h- Moreover, the following subspace 

M — { z e 3 sh ■ Pizpi = 0, Vi > } = I ^^pizpj : z G 3 sh > 

is a closed supplement for Q in 3 s h- Then, G is a Banach-Lie subgroup of Uy, and by [24l 
Theorem 8.19] we conclude that Wj(P) is a real analytic homogeneous space ofUy. □ 



3.1 When is U 3 {P) a submanifold of B{3)7 The case 3 ^ £ 

In this section, we discuss the submanifold structure of (P) under the assumption that 
3 =/= Recall that given the pinching operator P associated with a family of mutually 
orthogonal projections {Pi}™ (1 < w < oo), we may consider the larger family {pi}^, 
where po = 1 — J^.jPj. However, the pinching operator P is always associated with the 
first family {pi }f. The following estimate will be useful. 

Lemma 3.3. Let $ a symmetric norming function, and 3 — 6$. Then 

\\L X P - PL X || B p) > WptXpjW, 
for x G 3, i > 1, j > and i 7^ j. 

Proof. Consider the Schmidt expansion of the compact operator Pixpj, namely 

00 

PiXpj = y^Sfcgfc ®rj kl 

k=l 
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where s& are the singular values of Pixpj and {?lk)k are orthogonal systems of vectors. 

In particular, there is a vector £ G R(pj), ||£|| = 1, such that pixpj^ = \\pixpj\\£. Pick any 
77 G -R(pi) such that ||tj|| = 1. Then note that 

(L X P - PL X )(£ ® 77) = -Piar(£ <g> r?)pi = ~PiXpj(£ ® 77) = £ ® 77. 

We thus get 

H^p-p^Hbp) > ||(i a! p-Pix)(f®»7)lh - Ibwjll- 

□ 

The first obstruction for U-j(P) to be a submanifold of £>(3) lies in the fact that its tangent 
spaces may not be closed. The tangent space of Uj(P) at Q (i.e. the derivatives at Q of 
smooth curves inside U^{P)) is apparently given by 

{TU-j{P)) Q = {L z Q-QL z : ze J sh }. 

We denote tangent vectors briefly by [L z , Q] . 

Lemma 3.4. Assume that 3 ^ Then tangent spaces oftij (P) are closed in B{3) if and 
only if w < 00 and there is only one infinite rank projection in the family {pi}o ■ 

Proof. It suffices to prove the statement for the tangent space at P. Indeed, if Q — L U PL U * 
for some u G W3, then [L Z ,Q] = L U [L U * ZU ,P]L U ,. Thus (TUj(P))q is closed in B(3) if and 
only if {TU 2 {P))p is closed in B{3). 

Suppose that (TUj{P))p is closed in B{3). Let x 3 be a compact operator and (e„)„ 
be a sequence of finite rank projections such that e n /* 1 in the strong operator topology. 
Since x is compact, the sequence of finite rank operators z n = e n xe n satisfies \\x — z n \\ — > 0. 
Let 3?e( . ) be the real part of an operator, then 

II [LsRe(z n )-> P] - [L$le(x),P] lls(3) < 2 ||L Ke ( Zii) - -LsR e ( x ) || B ( 3 ) 

= 2||3£e(z„) - Ke(af)|| < 2\\z n - x\\ ->■ 0. 

Then there exists some zq E 3 s /, such that [L Z(I , P] = [L^eO) , P] ■ We can proceed analo- 
gously with the imaginary part ^sm( . ) to find another operator z\ G 3 s h such that [L Zl , P] = 
[£jg m ( a ) , P] . Hence we obtain [L X ,P] — [L Zl P] for z = — izo + z\ G 3. By Lemma 13.11 the 
latter can be rephrased as 

w 

X - Z = ^Pi(x - z)pi. 
i=0 

In particular, we see that 

w 

x - ^pixpi G 3. (1) 

i=0 

Recall that 3 = ©$ for some symmetric norming function $. Since 3 is different from the 
compact operators, there exists a sequence of positive numbers (a n ) n such that a n — > and 
$((a n ) n ) = 00. 

Suppose that the family {pi }q has two projections pi, pj, i ^ j, such that both have 
infinite rank. Let (£ n )n be an orthonormal basis of R(pi) and (?/„)„ be an orthonormal basis 
of R(pj)- Consider the following compact operator: 

00 

x = ^a„£„ (g> rj n . 
n=l 
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From our choice of the sequence (a n ) n it follows that x £ 3. Thus we find that x = PiXpj = 
x — Yl7=oPi x Pi £ 3, which contradicts equation (fTJ). Hence it is impossible to have two 
different projections with infinite rank in the family {pi jo- 
lt remains to prove that w < oo. Suppose that there is an infinite number of projections 
Pi,P2, ■ ■ ■■ We can construct an orthonormal system of vectors such that & E R(Pi)- 
Then we define the following compact operator: 

oo 
n=l 

It is easily seen that x = XmLi Pn+\xp n — x — Yl7L<)Pi x Pi t 3. We thus get again a 
contradiction with equation (JTJ) . 

In order to prove the converse we assume that the family { pi }q satisfies w < oo and 
it has only one projection pi with infinite rank. Let (zk)k be a sequence in 3 s h such that 
|| [L Zk , P] — X\\b(o) — > 0, where X £ B{3). It is worth noting that by Lemma l3~Tl the sequence 
(zk)k can be chosen satisfying PiZkPi = for all k and i = 0, . . . ,w. Since ( [L Zk ,P] is a 
Cauchy sequence in B(3), Lemma \'d . 3 1 implies that 

\\pi(zk - z r )pj\\ — > 

k,r— >oo 

for i = 1, . . . , w, j = 0, . . . , w and i ^ j. Note that the rank of the operators Pi{zk — z r )pj is 
uniformly bounded on the subscripts k and r by C :— max{ rank(pj) : j = 0, . . . , w, j ^ io }. 
Then we get 

\\pj(zk - z r )pi\\j < C\\pj(z r - z k )pi\\ — > 0. 

k,r— >oo 

Hence each (pjZkPi)k converges in the ideal norm to some Zij E 3. We can construct an 
operator z by defining its matricial blocks with respect to the projections po 7 pi, . . . ,p w as 
follows: 

if i = j, 
z i:j if i ^ j. 



PiZPj := 

Then z is a skew-hermitian operator in 3 satisfying 



\\z - Zkh < ^2 \\Pj z Pi -PjZkPih = ^2 \\ z ij -PjZkPih -> °- 



Therefore 



|| - [L Z ,P] || e(3) < 2||L Zfc - L,|| B(3) = 2\\zk ~ z\\ < 2\\z H - z\\ 3 -> 0. 

Hence we conclude X = [L z , P], and the lemma is proved. □ 

We can endow Uj(P) with two natural topologies. According to Proposition 13.21 we have 
that Uo(P) — Uj/G has a real analytic manifold structure in the quotient topology in such 
way that the map 7r : — > U^(P), ir(u) = L U PL U * is a real analytic submersion. On the 
other hand, we can regard Uj(P) as a subset of B(3) with the inherited topology. In this 
case, we denote the projection map by 7r : — > U?(P), tt(u) = L U PL U *. Note that 7r is 
also continuous, and the following diagram commutes 

U 2 -^U~j{P)~U~j/G 

■i d 

U 3 (P) C B{3) 
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Here id stands for the identity map. Note that id is always continuous, but it may not be a 
homeomorphism. In fact, we will show that the two topologies defined on Uy(P) coincide if 
and only if tangent spaces are closed. As we will see, the proof of this result depends on the 
existence of continuous local cross sections for the action. 

Remark 3.5. Let P be the pinching operator associated with a family {pi}f. We will 
consider the unitary orbit of each projection pi, i.e. 



If 3 is the ideal of Hilbert-Schmidt operators, the above defined orbits are usually known 
as the connected component of pi in the restricted Grassmannian (see e.g. [21] )■ Note that 
Oi C pi +3, so we may endow each orbit with the subspace topology defined by the metric 

(upiU*,VpiV*) H- \\upiU* -VPiV*\\j. 

Lemma 3.6. Assume that w < oo and there is only one infinite rank projection in the family 
{pi}o- Then the map 



is continuous for i = 0,1,... W, when Uy(P) is endowed with the topology inherited from 



Proof. We first show that the function Fi is well defined for i = 0, 1, . . . , w. From Lemma 
13.11 we know that L U PL U * = L V PL V * implies v*u — ^2™ =0 PiV*upi. Then we get v*upi = 
PiV*upi = PiV*u, or equivalently, upiU* = vpiV*. 

To prove the continuity of Fi we will actually see that Fi is Lipschitz. Since the under- 
lying actions are isometric, it suffices to estimate the distance from Fi(L u PL u *) — upiU* to 
Fi(P) = Pi . For u E Ui, set a(u) := \\L U PL U * - P\\ B(y) = || [L u , P] \\ B{3) . From LemmaEJ 
it follows that 

\\PiUpj\\ = \\pi(u - < a(u), 

for j = 0, 1, . . . , w, i = 1, . . . ,w and i ^ j. The same estimate can be extended for all i ^ j. 
In fact, we have 

\\p 3 upt\\ = \\PiU*Pj\\ < a(u*) = a(u). 

Let pi the unique infinite rank projection in the family {pi }q . For « gWj, we note that 
van^piupj) < min{rank(pi) , rank(pj) }, and then we get 

max{ raiik(j>jupi) : i,j = 0,l,...,w,i^j}< max{ rank(pj) : j = 0, 1, . . . , w, j ^ io } := C. 
This implies that 



Oi := { upiU* : u eU-j}. 



Fi-.U 3 {P) 



O l: Fi(L u PL u *) = up^* 



B(J). 



Ibiupjlb < c\\piupj\\ 



for i ^ j. Thus we get 



\\Fi{L u PL u .) 



F i{ p )h = \\ u Pi-Pi u h < \\Pi u P*h + X \\P iU Pih 



1 3 




< 2wC\\L u PL u , -P|| ep) , 



(2) 



which shows that F is Lipschitz. 



□ 
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Remark 3.7. Let M be the supplement of the Lie algebra defined in Proposition 13.21 
Suppose that w = oo or there exist two different infinite rank projections in the family 
{Pi}o ■ Under the assumption that 3 ^ we will construct a sequence (zk)k in M satisfying 
\\zk\\ — > and ||zfc||a — 1- To this end, put 

a k := $(1,1,..., 1,0,0,...), 

fc 

where $ is a symmetric norming function such that 3 = ©$. Since 3 ^ it follows that $ 
is not equivalent to the uniform norm of £°°, so that a/- — >• oo (see [T7J p. 76]). In the case 
in which w = oo, let be an orthonormal system such that £j G R{Pi) for all i > 1. It is 
not difficult to see that the sequence defined by 

fc 

z fe := cql ^2 ® 6« - &« ® 

i=l 

satisfies the required properties. In the case in which there exist two different infinite rank 
projections Pi and pj, let (£j)j be an orthonormal system such that ^2fc-i G R{Pi) an d 
^2fc S R{Pj) f° r ah ^ > 1- Then we can define the sequence (zfc)fc in the same fashion as 
before. 

Lemma 3.8. Assume that 3 ^ Then the following conditions are equivalent: 
i) The quotient topology ofUy(P) coincides with the topology inherited from B(3). 
ii) w < oo and there is only one infinite rank projection in the family {pi}$ ■ 

Proof. Suppose that the quotient topology of (P) — U^/G coincides with the topology 
inherited form B(3). Let M. be the supplement of the Lie algebra of G defined in Proposition 
13.21 Recall that a real analytic atlas of U-j(P) compatible with the quotient topology can be 
constructed by translation of the homeomorphism 

fWC^^^(W), </>(*) - (^exp„ 3 )( Z ) = L e .PL e -,, 

where VV is an open neighborhood of 6 A4 and ip(W) an open neighborhood of P (see 
for instance [5J Theorem 4.19]). Assume that the family {p; }q does not satisfy the claimed 
properties. This leads us to consider two cases, namely w = oo or there exist two different 
infinite rank projections in {pi }q . In any case we can find a sequence (zk)k in M. such that 
||zfe|| — )• and \\zk\\i = 1 according to Remark 13.71 Then note that 

\\L e > k PL e -. h - P\\ B{3) = || [Z e **_i,P] || ep) < 2||e*» - 1|| 0, 

and using that the quotient topology of Uy(P) coincides with the subspace topology, we 
arrive at a contradiction: ||zfc||a = \\ip~ 1 (L e ' k PL e ~z k )\\^ — > 0. 

To prove the converse, assume that w < oo and there is only one infinite rank projection 
in the family {pi}® ■ Clearly, our assertion about the topology of Uj{P) will follow if we 
show that the projection map 

n : Uj — > U a (P), ?r(«) = L U PL U » 

have continuous local cross sections, when Mj(P) is considered with the relative topology of 
B{3). To this end, for i = 0, 1, . . . , w, we need to consider the orbits 

Oi := { upiU* : u G W3 }. 

In [H Proposition 2.2] the authors showed that the maps 

■Ki'Mj > Oi, 7Tj(u) = UPiU* , 
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has continuous local cross sections, when 3 is the ideal of Hilbert-Schmidt operators. Actu- 
ally, the same proof works out for any symmetrically-normed ideal 3, so we have that there 
exist continuous maps 

^:{?eOj : Hff-Pilb < 1} Cp( +3f — KW 3 

such that ilii(upiU*)pi'ipi(upiU*)* = upiU* for any u£lAj such that — Pi\\^ < 1. 

Now we can explicitly give the required section for ff, namely 

w 

a:{QeUj(P) : \\Q - P|| B(a) < l/2wC} — ► U 3 , a(L u PL u ,) = 

i=0 

If Q = L U PL U * lies in the domain of a, then by the estimate ([5]) in Lemma l3.6l the operators 
upiU* do lie in the domain of each ip^. Our next task is to show that a = o(L u PL u *) £ Uy. 
In fact, we see that 

a a* = I ^ipi(upiU*)pi J I ^PijJijupiU*)* J = ipi(upiU*)piil)(upiU*)* = ^ upjU* = 1. 

^ i=0 ' ^ i=0 ' i=0 i=0 

Note that Pjipj(upjU*)*ipi(upiU*)pi = ipj{upjU*)*upjPiU*Tpi(upiU*) — 5ij, then 

^pjipijupiu*)* j i ^2^ l (up l u*)p l ) = y^Pi = i. 

i=0 ' ^ i=0 ' i=0 

Also we see that 

w 

<7-i = y^(^,-(ttpitf*) - i)p. t e 3. 

On the other hand, the map a is actually a section for 7r: for any y G 3, 

La(L u PL u ,)PL a ( Lu p Lu ,)*(y) = 22a(L u PL u *)pia(L u PL u *)*ypi 

w 

= 4> l {up l u*)p l 4i i (up l u*)*yp i 

i=0 
w 

= ^ up t u*ypi = L U PL U , (y). 

i=0 

Finally, to show the continuity of u, it is enough to remark that 

w 

a(L u PL u *) =^2i} i (F i (L u PL u *))p i 

i=0 

and use the continuity of each Fi , which has already been proved in Lemma 13.61 □ 
Now our main result on the differential structure of Z/j(P) follows. 

Theorem 3.9. Let $ a symmetric norming function, and 3 = 6$. Assume that 3 ^ Let 
P be the pinching operator associated with a family {pi}f (1 < W < oo). Then the following 
assertions are equivalent: 

i) The quotient topology onlAy{P) coincides with topology inherited from 13(3). 

ii) Tangent spaces ofU^(P) are closed in B(3). 
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Hi) w < oo and there is only one infinite rank projection in the family {pi }g ■ 
iv) Uj{P) is a submanifold ofB(3). 

Proof. Suppose that Uy{P) is a submanifold of B(3). By Proposition ^. 21 tangent spaces of 
(P) has to be closed in B(3). From Lemma it follows that the family {pi }™ satisfies 
the stated properties. 

Now we assume that w < oo and there is only one infinite rank projection in the family 
{pi }q. According to Lemma EOI and Lemma 1X51 what is left to prove is that tangent spaces 
are complemented in B(3). Clearly, it suffices to show that (TU3 (P))p is complemented in 
B{3). 

We will divide the proof into two cases according to whether the rank of po is infinite or 
finite. Let us first assume that rank(po) = 00, so that rank(pi) < 00 for all i = 1, . . . ,w. 
Then X (pi) is well defined for any X G B(3), i — 1, . . . , w, and we can set 

, w i — 1 \ 

z:B{3)^3 sh , z(X) = 2i^m(j212^ X ^ i n- 

\ i=l j=0 ' 

Clearly z is a continuous linear operator. Then we define a bounded linear projection onto 
the tangent space by 

E : B{3) — > (TU d (P)) P , E(X) = [L z{x) ,P]. 

In order to show that E actually defines a projection we pick X = [L z , P] for some z € 3 s h- 
Notice that X(pi) = (1 — pi)zpi, for all i = 1, . . . , w, then we get that 

(w i—1 \ n 

i=l j=Q ' i=0 

From Lemma \3. II we deduce that E(X) — [Lz(x),P] = X, which proves that E is a projec- 
tion. Finally, the continuity of z easily implies that of E. 

Now we consider the case in which the infinite rank projection is not po- Without loss of 
generality we may assume that rank(pi) = 00. Let us point out that the above definition of 
the operator z{X) does not work in this case for two different reasons: on one hand, since 
Pi (jz 3 we cannot evaluate any X € B(3) at p\, and on the other hand, every tangent vector 
[L Z ,P] vanishes at p - 

In order to solve this case we need to modify the definition of the operator z. Recall that 
rank(po) < 00 since rank(pi) = 00. Let 771, ... , rj m be an orthonormal basis of R(po). Let 
£ G R{pi) be a unit vector. Then we define 

, w i— 1 m \ 

z : B{3) — ^ 3 sh , z(X) = 2i3m ( £ Y,Pi X ^ ~ J2 X ^ k ® Of ® % ) . 

V i=2 j=0 k=l ' 

and the projection onto the tangent space is 

E : B(3) — ► (TU d (P)) P , E(X) = [L z[x) ,P]. 

It is apparent that E is continuous, so we are left with the task of proving that £ is a 
projection. To this end, let X = [L z , P] for some z 6 3 s h- Note that 

X(rj k ®£) = ^2(zpi - Piz){rik ® &Pi = {zpi -piz)(r] k <Z> £)Pi = -Piz(.Vk ®0> 
i=i 
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and then 



Thus we get 



^2 X(i] k (g> T] k = -p!zp . 



fe=i 



(tw i— 1 \ n 

y^pj^ + pi^po j = z - ^Pizpi. 
i=2 j=0 ' i=0 

Hence we conclude that E([L Z ,P]) = [L Z ,P], and the proof is complete. □ 
3.2 When is Z4(P) a submanifold of B{&)7 

In this section we turn to the case 3 — K. The following estimate is a somewhat improved 
version of Lemma [ 



Lemma 3.10. Let x G R such that Pixpi = for all i > 1. T/ien 

IILxP-PLsIIbca) > lk(i-Po)||, 

where p = 1 - J^^ =1 Pl . 

Proof. To estimate the norm of L X P — PL X as an operator acting on & we need to consider 
the following projections: if rank(p;) = oo, let (pi^k)k be a sequence of finite rank projections 
satisfying p^j, < Pi and p^fe /* pi, and if rank(pi) < oo, we set p.; : fc = pi for all fc > 1. Now 
assume that the pinching operator P is associated with a family {pi }f such that w < oo. 
Then the projections given by = Y^i=iPi,k have finite rank. We thus get 



L X P - PL x \\ m) > \\{L X P - PL x )(e k ) 



- p l )xp i , k = X^Pi. 



i=l 



where in the last equality we use that Pixpi = 0. Using that x £ ^ and pi^k Pi, we find 
that 

\\L X P - PL X \\ B[A) > \\x(l-po)\\. 

In the case where w — oo, we set e n .k — X)"=i^- fc - ^ n ^ ne same fashion as above we find 
that 



Letting k — > oo, we have 



\L x P-PL x \\ Bm > 



\L X P - PLx\\b(R) > 



■^2pt,k 



i=l 



for all n > 1. Now letting n — > oo, we get the estimate in this case. 
Proposition 3.11. Tangent spaces ofUa(P) are closed in B(&). 



□ 



Proof. By the remark at the beginning of the proof of Lemma 13.41 we may restrict, without 
loss of generality, to verify the statement for the tangent space at P. Let {zk)k be a sequence 
in & s h such that PiZkPi = for all z > and k > 1. Suppose that || [L Zk , P] — X \\ B (a) — > 
for some X € B($). According to Lemma [3.101 

||(z*-*.)(l-Po)|| < \\[L Zk _ Zr ,P]\\ B(A) . 

Also note that 

HOfc - z r )p \\ = \\p Q {z k - z r )\\ = \\p (z k - z r )(l -p )\\ < || [L Zk _ Zr ,P] || B( ^). 
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Therefore (zk)k is a Cauchy sequence and thus has a limit zq G & s h- Then we see that 

|| [L Zk ,P]-[L Zo ,P]\\<2\\z k -z \\^0. 

Thus we conclude that X = [L Zo ,P]. □ 

Now we turn to the study of the topology of Uji(P). We will find that the quotient topol- 
ogy and the topology inherited from B(&) coincide regardless the number or rank of the 
projections in the family {pi }q . 

Remark 3.12. Let P be the pinching operator associated with a family {pi }f (1 < i < w). 
In this subsection we need to consider again the unitary orbit of the projections, which we 
denote by 

Oi = { upiU* : u eUfi }■ 
for i = 0, . . . , w. We claim that the map 

Fo : U-j{P) — ► Oi, F (L U PL U .) = u Po u*. 

is Lipschitz. In fact, according to Lemma 13.101 applied with x = u — 1 — y^_ Pi(u — l)pt = 
u — J27=oP iU P i we nave that 



\\p u(l-p ) 



i=0 



Vo\u-^Piupi\(l-p a ) < ( u-^ptupi ) (1-po 



i=0 



< \\L U PL U ,-P\\ B(A) 



Replacing u by u* we find that 

||(l-po)«Po|| - \\p a u*{l-p )\\ < \\L U PL U , - P\\ m) . 

Thus we get 

\\F (L U PL U .) - F (P)\\ = \\u Po u* - poll 

< ||(1 -po)«Po|| + |bo«(l ~Po)\\ < 2\\L U PL U , - P\ 

which proves our claim. 

Lemma 3.13. Let u,v G Then 



^2up t u*pi - vpiV*p t 

i=0 



< 3\\L U PL U * — L V PL V * ||e(^) ; 



where in the case in which w — oo the series on the left side is convergent in the uniform 
norm. 

Proof. For each i > 1, let (pi.k)k be a sequence of finite rank projections such that pi.k < Pi 
and pi.k /* pi. In case pi has finite rank, we set pi t k = Pi for all k. We will use the orthogonal 
projections defined by e k = J27=iPhk- Put a(u,v) := \\L U PL U * - L V PL V . ||b(a)- Then 



^(up.u* - vp t v*)p i: k 



\\{L U PL U , - L v PL v ,)(e k )\\ < a(u,v). 



Note that for each i > 1, the operator upiU* —vpiV* is compact. Letting k — > oo, we get that 



^(up l u* - vp i v*)p l 



< a(u, v ). 
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Combining this with the Remark 13.121 it gives that 



< 3a(u, v). (3) 



^2(upiU* - VpiV*)pi 
i=0 

This finishes the proof for the case w < oo. If w = oo, we note that 

oo oo 

^ upiU*pi - vpiV*Pi = ^2 u Pi{' u * - l)Pi - vpi(v* - l)pi + (u - v)p l . 

i=0 i=0 

Since the operators u* — 1, v* — 1 and it — u are compact, this series converges in the uniform 
norm. Letting w — > oo in ([3]), the desired inequality follows. □ 

In the following proposition we extend the technique developed in pQ to construct continuous 
local cross sections. 

Proposition 3.14. The map 

7T : U R — > U R {P) C B(A), tt(«) = L U PL U * , 

/ias continuous local cross sections, when U^P) is considered with the topology inherited 
from E(j?). 

Proof. Let P be the pinching operator associated with a family }5" (1 < w < oo). Since 
the action of is isometric it will be enough to find a continuous section a in a neighborhood 
of P. Also we will restrict ourselves to prove the case w — oo. The case w < oo needs less 
care, and it can be handled in much the same fashion. 

We consider the following neighborhood of P to define the cross section, 

V:={QGU M (P) : \\Q-P\\ B (si) <l/3}. 

Given Q = L U PL U * £ V, where it 6 let = Fi(Q) = upiU* for i > 0. According to the 
proof of Lemma 13.61 the function Fj is well defined. Then, we set 



S (Q) -=^2QiPi 



i=0 

This series is convergent in the strong operator topology. In fact, we can rewrite the series 
as 



QiPi = X] upi(u* - l)pi + (u- l)pi 



Pi, 



where the first and second summand on the right are convergent in the uniform norm, while 
the third is convergent in the strong operator topology. On the other hand, note that 

||s -1|| <3\\Q-P\\bw < I- 
Then we get that s is invertible. Moreover, it follows that 

(OO \ oo 

)^Pi(u* - i)pi + 1 j — 1 = uj^piju* - l)pi + u - l e &, 
i=0 ' i=0 

which is due to the fact that YLl!LoPi{ u * ~ ■"•)P» ^ ^ Now we w iH show that 

a = <t{Q) := s|s| _1 
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is a continuous local cross section for tt. To this end, note that spi = qiPi = so that 
Pi\s\ 2 = s*qiS = \s\ 2 pi, which implies 

OPi<J* — s|s| _1 pi|sp 1 S = Spi\s\~ 2 S* = SpiS^ 1 = Qi. 

This allows us to prove that a is a section: for any y £ .ft, we have 

oo oo 

L a PL a , (y) = ^2 vPi°*yPi = qiVPi = 

t=l i—l 

On the other hand, we have s| 2 — 1 £ ft, and consequently, |s| — 1 = (|s| 2 — l)(|s| + £ ft- 
Therefore we can conclude 

o i = sH" 1 - 1 = (s - \s\)\s\- 1 = (s- l^r 1 + (i - H)!*!" 1 G a 

Hence ct G Wg. Let Gl(H) denote the group of invertible operators on H. In order to prove 
the continuity of a we consider the subgroup of Gl(H) given by 

Gl A = {g eGl(H) : g-leA}. 

It is a Banach-Lie group endowed with the topology defined by (51,52) | -* Hffi — (72 1 1 (see [S]). 
From Lemma r3.13l the map s : V — > Gl& is continuous. Also note that the map Gl& — > Ua, 
s 1 — y s]s| x , is real analytic by the regularity properties of the Riesz functional calculus. Thus 
a is continuous, being the composition of continuous maps. □ 

Our next task in the study of the submanifold structure of U&(P) is to ask about the 
existence of a supplement for (TUzi{P)) p in B(K). The existence of such supplement is closely 
related to the fact that for an infinite dimensional Hilbert space % the compact operators 
are not complemented in B(H). A proof of this result can be found, for instance, in [T3]. It 
is based on the following well known result: cq (sequences which converges to zero) is not 
complemented in £°° (bounded sequences). The reader can find a proof of this latter fact in 

m- 

Remark 3.15. We will need a slightly modified version of the afore-mentioned result. We 
first note that M. s h is not complemented in B('H) s h- Otherwise we would have a real bounded 
projection E : B(H) s h — > &sh, then we can define a bounded projection E : B(H) — > J?, 
E(x) = —iE{i^Re(x)) + iE(i$sm(x)), a contradiction. 

Let <?i,<72 two infinite rank orthogonal projections on T-L. We claim that qi^. s h<l2 is not 
complemented in qiB{Tl) s hq2- In fact, suppose that there exists a real bounded projection 
E : qiB{Tl) s hq2 — > qi&shQ2- Let v a partial isometry on % such that v*v — q\ and 
vv* = q2- Then we have that L V EL V * : B(q2(H)) s h — > C[2&shQ2 is a bounded projection, 
which is impossible by the previous paragraph. 

In the following result we collect the above proved properties of U&(P) and we give a complete 
characterization of the submanifold structure. 

Theorem 3.16. Let P be the pinching operator associated with a family {pt}i (1 < w < 00). 
Then U&(P) is a quasi submanifold ofB(&). Furthermore, U&(P) is a submanifold of B(M) 
if and only if w < 00 and there is only one infinite rank projection in the family {pi}$ ■ 

Proof. The first statement about the quasi submanifold structure of U&(P) has already been 
proved in Proposition 13 . 1 ll and Proposition 13. 141 Assume that w < 00 and there is only one 
infinite rank projection in the family {pi }q . The same proof of Theorem 13 .91 can be carried 
out to show that {TU&{P))p is complemented in B{8). 

Suppose now that U&iP) is a submanifold of B(&). According to Proposition 12.21 there 
is a bounded linear projection E : B(&) — > (TU&(P))p. Two cases should be considered: 
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first, that there are two infinite rank projections in the family {pi}q , and second, that 
w = oo. In the first case, let q\ G {po,pi, ■ ■ ■ ,p w } be an infinite rank projection and 
<?2 £ {pij ■ ■ ■ iPw } \ { <7i } be other infinite rank projection. In the second case, we set 
qi = X)feLoP 2fc an d 92 = SfcLo Pik+i ■ In any case we define the following bounded linear 
map 

E : qiB(H) sh q 2 — > qifishqz, E(q 1 xq 2 ) = {L qi E)( [L qiXq2+q2Xqi , P] )(q 2 ). 

We claim that E is a projection onto qi& s hq2 ■ In fact, notice that for each x £ B(H) s h 
there is z £ such that E{ [L qixq2 + q2Xqi , P] ) = [L z , P]- In the case in which there are two 
infinite rank projections, note that 

w 

E(q 1 xq 2 ) = qi ^(zpi - p l z)q 2 p l = qi(zq 2 - q 2 z)q 2 = q x zq 2 . 

i=l 

On the other hand, when w — oo, 

oo oo oo 

^{qxxq-2.) = q 1 22(zp i - p l z)q 2 j> i = q^2,{zp 2k+x - p 2k +iz)p 2k +i = qiz^p 2k +i = qizq 2 . 

i=l fe=0 k=Q 

This proves that the range of E is contained in piM. s hP 2 - Moreover, let x G & s h, then we 
have that E( [L qixq2+q2Xqi , P] ) = [L qixq2+q2 . xqil P}. We thus get that 

E(qxxq 2 ) = qi(qixq 2 + q 2 xqi)q 2 = qixq 2 . 

Hence E is a continuous linear projection onto qi&shQ 2 - In other words, qi& s hq 2 is comple- 
mented in qiB{Ti) s hq 2 , but this contradicts Remark l3.15l □ 

4 Covering map 

For u consider the inner automorphism given by Ad u : 3 — > 3, Ad u {x) = uxu* . Given 

a pinching operator P associated with a family {pi }f, there is another orbit of P defined 

by 

3 {P) :={Ad u PAd u . : ueU 3 }. 

Note that all the operators in Oy(P) are pinching operators while P is the only pinching 
operator in (P). The isotropy group of the the co-adjoint action is given by 

H = {ueU 3 : Ad u PAd u , = P }. (4) 

In order to find a characterization of the operators in H we need the following lemma. We 
make the convention {0, 1, . . . , oo} = No. 

Lemma 4.1. Let P be the pinching operator associated with a family {pi }™ and Q be the 
pinching operator associated with another family { ft }i ■ Then P = Q if and only if w = v 
and pi — q a u) for some permutation a of { 0, . . . , w} such that <r(0) = 0. 

Proof. We first suppose that P = Q. This is equivalent to 

W V 

^2 Pi X Pi = ^2 q 3 Xq 3 ' ( 5 ) 
i=l j=l 

for all x £ 3. If rank(pi) < oo, i > 1, we set x — pi to get Yl^—i QjPiQj — Pi- Then it 
follows that qjPi = qjPiqj = Ptqj for all j > 1. If rank(pi) = oo, we use the same idea with 
a sequence of projections (e„)„ such that e„ <Pi, e„ /* pi, to find that qje n = e n q.j, which 
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implies that qjPi = Piqj. Since po = 1 — J27=i Pi ano - Qo — 1 — J2l=i 1h we can conclude that 
qjPi = Piqj for all i, j > 0. 

Now we claim that for each i > 0, we can find a unique a(i) such that = q a (i) ■ To this 
end, let £ G R(pi), £ 7^ 0, and note that pi£ = £ = X^=o This implies that there is some 
j := er(z) such that qjt; ^ 0. Then we see that qjt; — qjPiS, = Pi<?j£- Now let r\ 6 -R(pi) and 
insert x = r\® qj£ in equation ([5]). In case i > we find that 77 (g) gj£ = (^77) <8> qjS,. If j = 0, 
then 77 g) g.,£ = 0. In particular, if we take 77 = gj£ =/= 0, we obtain a contradiction. Hence 
we must have j > 0, so the equation 77 ® gj£ - = (qjij) £g) g,,£ implies that ^77 = 77. Since 77 is 
arbitrary, we have R(pi) C R(qj). In a similar way, we may choose 77 € R{pj) to obtain that 
i?(<7j) C Thus pi = qj. 

In case i = 0, we need to show that po = go- Suppose that there exists some j > 
such that gj£ ^ 0. By the preceding paragraph we know that g.,£ 6 R(po). Then we insert 
.t = {qj£)(&qj£ in equation ([5]) to find that = (<J[j£)®9j£j and hence gj£ = 0, a contradiction. 
Thus we obtain that £ = J2^- qj£ — go£, an d consequently, R(po) C R(qo). Interchanging 
j?o and go, we can conclude that 730 = go- Since { qj }g is a mutually orthogonal family, a(i) 
is unique and our claim is proved. 

In other words, we have proved the existence of a map a : { 0, . . . , w} — > { 0, . . . , v} 
satisfying p$ — q a ^ and er(0) = 0. Repeating the previous argument with qj in place of 
Pi, we can construct another map ip : { 0, . . . , v} — > { 0, . . . , w} such that qj — p^m and 
ip(Q) = 0. But pi = q a(l) = P(^ a )(i) and Qj = Pi/>(j) = Q(<nl>)(j), so we nave that aip = tpa = 1. 
Hence, a is a permutation and w = v. 

In order to prove the converse, let a a permutation of { 0, . . . , w }, P be the pinching 
operator associated with a family {pi }f and Q be the pinching operator associated with 
{p a (i) }i - Since the case w < 00 is trivial, we suppose w = 00. Set e% — J2i=oPi- For eacn 
x 6 3, since a; is compact, we find that ||(1 — ek)x\\ —> 0. Note that for k > 1, 

00 00 
^7V W e fc 2:p ff(l) = ^pixpi = ^2pie k xpi. 

i—l i—l i—l 



Then we get 



00 00 
X] P°d) x P°(S) PixPi 

i=l i=l 



oo 00 



.Pa(i)(l-ek)xPa(€,-y,Pi{l-ek)xPi 



1=1 1=1 



<2||(l-e fc )a;|| -)• 0, 



which proves that P = Q. □ 

Let P be the pinching operator associated with a family {7^ }™ (1 < w < 00). Let F be the 
set of all the permutations a of { 0, . . . , w } such that <j(i) — i for all but finitely many i > 0. 
Note that the definition of the set F becomes unnecessary if w < 00. We will need to consider 
permutations of a finite number of finite dimensional blocks with the same dimension such 
that fix zero, i.e. 

T := { a G F : cr(0) = 0, rank(pi) = rank(p CT (j)) < 00 if a(i) ^ i }. 

Let (£i,j(t)) be an orthonormal basis of % such that (Ci,j(i))j(i)=i,...,rank(p i ) is a basis of R(pi), 
where i = 0, . . . ,w. For each a G J 7 , we define the following permutation block operator 
matrix: 

:= £<r(»),j(<r(i))i i = 0,. . = 1, . . .,rank(pt). 

Note that rank(r CT — 1) < 00, since a e T. Hence, it follows that r a 6 for any 
symmetrically-normed ideal 3. 
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Example 4.2. A simple example takes place when % = C™, rank(pi) = 1 and ^2™ =1 Pi = 1. 
Here the set of all the matrices of the form r a , a G T , reduces to all the n x n permuta- 
tion matrices. According to our next result, H has exactly n\ connected components in this 
example. 

Recall that from the proof of Proposition 13.21 we know that the isotropy group G at P 
corresponding to the action given by the left representation can be characterized as block 
diagonal unitary operators, i.e. 

G = < u e« 3 : 'Y^PiUPi —u>, 
^ i=o ' 

where P is the pinching operator associated with a family {pi }f. 

Lemma 4.3. Let H be the isotropy group defined in Q). Then, 

H={J r a G, 

where each set in the union is a connected component of H. 

Proof. Let u G such that Ad u PAd u * = P. According to Lemma 14.11 it follows that 
upiU* — p a (i) for some a permutation of { 0, . . . , w } such that <r(0) = 0. In particular, note 
that Pjupi — Sj l(7 (i) p a (i)U, which actually says that u has only one nonzero block in each 
row. Since u — 1 G 3, we get that a G T . Hence we can write u = r a r a -iu, where r a -\u G G. 

To prove the other inclusion it suffices to note that r a upiU*r a -\ = r a pir a -\ = p a ^ for 
any u G G. Then we apply again Lemma l4"7i"1 to obtain that Ad u PAd u - = P. 

In order to establish the last assertion about the connected components of H, we remark 
that 

\\r a u ~ r a ,v\\j > \\r a u - r a >v\\ > 1, 

whenever a ^ a' and u, v G G. This implies that the distance between any pair of sets that 
appear in the union is greater than one. On the other hand, it is a well known fact that lAy 
is connected, then so does r a G. Hence the lemma is proved. □ 

Remark 4.4. As a consequence of Lemma 14. 31 H is a Banach-Lie subgroup of Uy. Indeed, 
the connected components of H are diffeomorphic to the Banach-Lie subgroup G oilAj. 

Hence it follows that O3 (P) ^Uy/H has a manifold structure endowed with the quotient 
topology. 

Theorem 4.5. Let $ a symmetric norming function, and 3 = 6$. Let P be the pinching 
operator associated with a family {pi}™ ■ If 3 & assume in addition that w < 00 and there 
is only one infinite rank projection in the family {pi }q . Then the map 

n : U 3 (P) — > 3 (P) , U(L U PL U * ) = Ad u PAd u , , 

is a covering map, whenU^(P) is considered with the topology inherited from B(3) and Oy(P) 
with the quotient topology. 

Proof. In the case where 3 ^ ^, under the above hypothesis on the family {pi }f, it was 
proved in Lemma 13.81 that the quotient topology coincides with the subspace topology on 
(P) . In case 3 = ^ both topologies coincide without additional hypothesis by Proposition 
13.141 On the other hand, by Lemma T4. 31 the quotient H/G is discrete, then H/G is homo- 
morphic to T. We define an action of T on U^(P) given by a ■ L U PL U * = L UTa PL r ^_ lU * . 
Therefore we can make the following identifications: 

U 7 (P)/T ~ U 3 (P)/(H/G) ~ (U 3 /G)/(H/G) ~U 3 /H ~ 3 (P). 
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Thus we may think of II as the quotient map ^a(-P) — > U^iP)/^- Hence to prove that 
II is a covering map, it suffices to show that J 7 acts properly discontinuous on Uy{P) (see 
[15]). This means that for any Q G Uy(P), there is an open neighborhood W of Q such that 
W n a ■ W = for all a ^ 1. Clearly, there is no loss of generality if we prove this fact for 
Q = P. To this end, define the open neighborhood by 

W := { Q G U 3 (P) : ||Q - P\\ B{3) < 1/2 }. 



Suppose that W n cr • W 7^ for some a ^ 1. 
If Q = L U PL U * , then we have that Q = L UTc 
be estimated as follows 



Bp) 

Then there are Q, Q G W such that Q — a ■ Q. 
PL r _ lU * . The distance between Q and Q can 



IIQ-Qllep) = ||P-i, CT P£, 



I Bp) 



> 



1- 



where £ 6 P(pO is such that ||£|| = 1 and a(i) 7^ i. But since Q,Q G W, it follows that 
HQ — Q||sp) < 1, a contradiction. Hence the action is properly discontinuous, and the proof 
is complete. □ 



5 A complete Finsler metric 

Let T(t), t G [0, 1], be a piecewise C 1 curve in Uj. One can measure the length of T using 
the norm of the symmetrically-normed ideal, i.e. 

Wr)= [ \\t(t)hdt. 

Jo 

Since the tangent space of lAy at u can be identified with u3 s h (or also with 3 s hu) 1 the above 
length functional is well defined. There is rectifiable distance on defined in the standard 
fashion, namely 

d lh (u ,u 1 )=mi{L- 3 {T) : rcW 3) r(Q) = u , T(l)= Ul }. 

Let P be the pinching operator associated with a family {pi}f ■ Since Uy{P) is a ho- 
mogeneous space, it becomes natural to put a quotient metric on the tangent spaces. If 
Q = L U PL U , for some u G U3, then for [L z , Q] G (TUj{P))q we set 

II [Lz, Q]\\q = inf{ \\z + vh ■ V e 3sh, Ad u PAd u * (y) =y}. 

Indeed, the norm on (TU^(P))q is the Banach quotient norm of 3 s h by the Lie algebra 
of the isotropy group at Q. A standard computation shows that this metric is invariant 
under the action. We point out that this quotient Finsler metric was already used in several 
homogeneous spaces. For instance, we refer the reader to [5] [3], where some features of this 
metric are developed. 

The quotient Finsler metric on (P) allow us to introduce another length functional, 
namely 

Lu 3 (P)h) = I II7WII7. 
Jo 

where 7 (£), t G [0, 1], is a continuous and piecewise C 1 curve in Uy (P). Thus there is an 
associated rectifiable distance given by 

d u ,(p)(Qo,Qi) =inf{L W3(P) ( 7 ) : 7CW 3 (P), 7 (0) = Q , 7(1) = Qi }, 

when the curves 7 considered are continuous and piecewise C 1 . The next result proves that 
the rectifiable distance in lAy (P) can be approximated by lifting curves to . It is borrowed 
and adapted from [2]. 
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Lemma 5.1. Let Qo,Qi G U-j (P). Under the assumptions of Theorem \4-5[ 

dui(P)(Qo, Qi) = inf {Lu 3 {T) : V C Uj, £r(o)Qo£r(o)* = Qo, ir(i)Qo^r(i)* = Qi} , 
where the curves T considered are continuous and piecewise C 1 . 

Proof. Clearly it suffices to assume that Qo = P. Let j(t) G (P) be a C 1 curve joining 
7(0) = P and 7(1) = Q\. By Proposition 13.21 the map 

n-.U-j^U^ (P) , tt(u) = L U PL U , 

is a submersion when U^(P) is endowed with the quotient topology, then there exists a 
continuous piecewise smooth curve T in such that 7r(r(f)) = 7(i), for all t G [0, 1]. From 
the definition of the quotient Finsler metric, it is clear that the differential map of n at the 
identity given by 

5 : J sh -»• {TUj (P)) p , 6{z) = L z P-PL z 

is contractive. Moreover, since the action is isometric, the differential map of tt at any u <E U3 
has to be contractive. Using these facts we find that 

d u ,{P){P,Qi) < L UAP) (7r(T)) < L U -j (r). 

To complete the proof, we must show that one can approximate L^^ip/) with lengths of 
curves in joining the fibers of P and Q\. Fix e > 0. Let = to < t\ < . . . < t n = 1 be a 
uniform partition of [0, 1] (Ati = ti — t;_i = 1/n) such that the following hold: 

1- Il7( s ) — 7( s ')lls(3) < e /4 ^ s j s ' ue m t ne same interval [ij_i,£j]. 



Lh)-^2\\i(U)\\ 7iti) At, 



i=0 



< e/2. 



For each i = 0, . . . , n — 1, let G 2f s ^ be such that 

*7(*0 0*0 = 7 (*») and W x i lla < 117 || 7(tt ) + e/2- 
Consider the following curve T in : 



r(t) 



g(t— tl)xig*lXo 

e (t— t2)x2g(*2— ti)xigtia;o 



t G [0,ti), 
i G [ii,i 2 ) , 

i G [*2, *3) , 



,(i-t„_i)a:„_i 



-e (t a -ti)«:i e tixo £ £ 1] 



Clearly V is continuous and piecewise smooth, r(0) = 1 and 



h(u) 



e/2 ) Ati < L u ^p)(j) + e. 



Let us show that 7r(r(l)) lies close to Q\. Indeed, first denote by ait) = 7r (e tx °) — 7(f), then 
a(0) = and, using the mean value theorem in Banach spaces, 



„tix 



) - 70i)|| B(;j) = l|a(*i) — «(0)|| B(3) < ||a(si)|| Bp) Aii, 



for some Si G [0,ii]. Explicity, 

\\Tr(e tlXo ) -7(*i)|| B(3 ) < \\L e *i* 5 Qo (x ) £ e -*i»o - 7 (si)|| B(:J) Aii. 
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Note that 8 (xq) = 7(0), and that 

||i eS i-o7(0)L e - sl x -7(si)ll B (3) < ||ie=i-o7(0)L e - ai x O — y (°)IIb<2t) + Hi (°) ~ 7 ( s i)lle(3) • 
The second summand is bounded by e/4. The first summand can be bounded as follows 
||L e n*o7(0)£e-n*o -i(0)|| B(3) - 11^-07(0) (£ e -^o -/) + ( Wo -J) 7 (0) || B(3) 

< 2 ||7 (0)|| B(3) ||i e .i-o - J|| B(3) < 2MAti, 

where M = max ||7(i)|| R />r, . It follows that 
te[o,i] /II£ H J J 

||7r(e tiao ) -7(<i)|| sp) < (2MAt 1 +e/4)At 1 . 

Next estimate | [ vr (e.( t3 ~ il ) Xj -e ilX °') — 7 (*2)|| B ( ;j - ) , which by the triangle inequality is less or 
equal than 

y [ L f .(t 2 -t 1 )x le t 1 :t Q PL e -t 1 x 0e -(,t 2 -t 1 )x 1 — i e (t 2 -<i)«i7 (^l) £ e -(«2-*l)i">l IIb(3) 
+ ||£ e C«:j-*i)<»i7(*l) ie-Ca-'i)*! ~~ 7 (*2)Hs(3) ■ 

The first summand is 

\\L e ^2-ti)x le t 1 m PL e -t 1 m 0e -(.t z -t 1 )x 1 ~ L & {t % -t x )m 1 7 (tl) ig- (* 3 -*l)*l ||g(3) = 

= ||-^ e <t 2 -ti)x 1 (L e t 1 a ;o PL e -t lxo — 7 (ti)) i e -(t 2 -ti)^i IIb(3) — 
= ||L etl »oPi e -*i=«o -7(*i)IIb(3) ^ (2MAt 1 + e/4)At 1 . 
The second can be treated analogously as the first difference above, 

\\L e « 2 - tl>1 f (ti) L e - (t2 - H)xi -7(*a)|| B (a) < (2MA< 2 + e/4) At 2 . 

Thus (using that Aij = 1 jn) 

ir (e^-t^e* 1 * ^) - 7 (t 2 ) g < (2M/n + e/4) 2/n. 

Inductively, one obtains that 

\\ir (r (tn-i)) - 7 (tn-l)|| B (3) < 2 (2M/n + e/4) < e/2 

choosing n appropriately. According to Lemma l3.8l when 3 7^ M., or according to Proposition 
13.141 when 3 = J?, the map tt has continuous local cross sections. Then one can connect 
r(^n-i) with the fiber of Q\ with a curve of arbitrary small length. □ 

In order to prove our next theorem, we need to state the next lemma (see [231 p. 109]): 

Lemma 5.2. Let H be a metrizable topological group, and G be a closed subgroup. If d is a 
complete distance function on H inducing the topology of H , and if d is invariant under the 
right translation by G, i.e., d(xg,yg) — d(x,y) for any x, y G H and g G G, then the left 
coset space H/G = {xG : x G H} is a complete metric space under the metric d given by 

d(xG,yG) =mi{d(xg 1 ,yg 2 ) : gi,g 2 G G} . 

Moreover, the distance d is a metric for the quotient topology. 

We will make use of the former lemma with H = Uj and G the isotropy group at P. 
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Theorem 5.3. Let <!> a symmetric norming function, and 3 = 6$. Let P be the pinching 
operator associated with a family {pi}i- If 3 ^ M. assume in addition that w < oo and there 
is only one infinite rank projection in the family {pi }q . Let u,v G U~j, and let 

du 3 (L U PL U *,L V PL V *) =m£{dus (uvi,vv 2 ) : Vx,v 2 G G} . 

Then, du 3 = d^ipy In particular, (Uy (P) , du a /py) is a a complete metric space and d^ 3 (p) 
metricates the quotient topology. 

Proof. We begin by recalling that (Wj , du 3 ) is a complete metric space and G is du 3 -closed 
in U-3 (see e.g. P2J Lemma 2.4]). Thus the quotient distance du 3 is well denned. Moreover, 
since the multiplication by unitaries is isometric, it can be computed as 

du 3 {L u PL u ,,L v PL v ,) = 'mi{du 3 (u,vv\) : v\ G G} . 

To prove one inequality, fix e > 0. By Lemma |5 . 1 1 there is a curve r £ Mj satisfying 

i. r(o) = u, r(i) = wi, with v x e G, 

du 3 (P) {LuPLu* , L V PL V - ) + e. 
Then we have that 

du 3 (L u PL u ,,L v PL v .) < du 3 (u,Wi) < L Ud (T) < d u *,{p) (L U PL U * , L V PL V .) + e. 

Since e is arbitrary, we have proved the first inequality. To show the reversed inequality, note 
that given e > 0, there exists v\ £ G such that 

d Uj (u, wi) < du 3 (L U PL U * , L V PL V .) + e 

Then there exists a curve rcWj such that T(0) = u, T(l) = vvi and Ly (r) < d? (u, vv±)+e. 
So we have that 

d U3 ( P) (L u PL u , ,L V PL V .) < L Uj (r) < d U3 (u, W\) + e < dy 3 {L U PL U * , L V PL V .) + 2e. 

We thus get du 3 = d U3 ^ P y The completeness of (Uj (P) , d Ud ^) and the fact that d«-,(p) 
defines the quotient topology, follow from Lemma 15.21 □ 

6 Application to the unitary orbit of a compact normal 
operator 

Let a be a compact normal operator. The question of when the full unitary orbit of a, i.e. 

U{a) = { uau* : u £ U }, 

has the property that the quotient topology coincides with the uniform norm topology was 
completely solved by L. A. Fialkow [IB]. Both topologies coincide if and only if a has finite 
rank. In this section, we address the same question but with respect to the ^-unitary orbit 
of a, which is given by 

Uj{a) — { uau* : u EUj}. 

Though the Wj-unitary orbit is in general smaller than the full unitary orbit, both orbits are 
equal if a has finite rank (see [1^1 Lemma 2.7]). Recall that for u € Uj, 

uau* = a + a(u* — 1) + (u — l)au* G a + 3. 
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Thus one can endow Uy(a) with the topology inherited from the affine Banach space a + 3. 
On the other hand, as a homogeneous space, U^(a) may also be endowed with the quotient 
topology. 

If 3 is ideal of the trace class operators, it was proved by P. Bona [H] that both topologies 
coincide when a has finite rank. Later this result was extended to any symmetrically-normed 
ideal by D. Belti^a and T. Ratiu in [SJ Theorem 5.10], where they also showed that the U3- 
unitary orbits are weakly Khaler homogeneous spaces. We will show the converse of this 
result and we will give a different proof of the already known implication by means of the 
previous results on the orbits of pinching operators. 

Our result is also related to the work by E. Andruchow, G. Larotonda and L. Recht 
[H |3J [H], where without the assumption of a being compact, several equivalent conditions 
to the existence of a submanifold structure of the Wg-unitary (or full unitary) orbits are 
described, when 3 is the ideal of Hilbert-Schmidt or compact operators. In particular, 
they established sufficient conditions to ensure that both topologies coincide. One of this 
conditions states that the spectrum of a must be finite. Note that this gives again the 
sufficient condition, since if a is compact, the spectrum of a is finite if and only if a has finite 
rank. 

Remark 6.1. The main idea to link unitary orbits of pinching operators with the Wj-unitary 
orbit of a compact operator is the following. By the spectral theorem we may rewrite the 
compact normal operator a as a uniform norm convergent series, namely 

w 

a = ^X l p l , (6) 

i=l 

where 1 < w < 00, Ai are the nonzero distinct eigenvalues of a and {pi }f is a family of 
mutually orthogonal finite rank projections. Indeed, pi is the orthogonal projection onto 
ker(a — Aj). Then we take P to be the pinching operator associated with {p t }f . 

Let u £ such that ua — au. If we use the spectral decomposition of a, we see that u 
must be block diagonal with respect to the family {pi }q . This says that the isotropy group 
at a coincides with the isotropy group at P, i.e. 

{ueW 3 : ua = a«} = {iieW3 : L U P = PL U } = G. 

Hence it turns out that the quotient topology on lA^(a) ~ Uy/G is equal to the quotient 
topology on Uy(P). 

Theorem 6.2. Let $ a symmetric norming function, and 3 = ©$. Let a be a compact 
normal operator. Then the quotient topology on Uy{a) coincides with the topology inherited 
from a + 3 if and only i/rank(a) < 00. 

Proof. Suppose that rank(a) < 00. This is equivalent to state that w < 00 in the spectral 
decomposition of a given by equation Under this assumption the family {pi}q has 
only one projection of infinite rank, namely po = 1 — Indeed, note that po is the 

orthogonal projection onto ker(a). According to Proposition [3TB] when 3 ^ or Proposition 
13.141 when 3 — .ft, the quotient topology coincides with the topology inherited from B{3) on 

Since the quotient topology on U-j (a) is always stronger than the topology inherited from 
a + 3, it remains to prove that any sequence (u n ) n in satisfying \\u n au* n — a\\y — > has 
to be convergent to a in the quotient topology. To this end, note that 

WPiUnPjh < - Aj| _1 ||u n a - aunh °> 
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for all i,j > and i ^ j (where we set Aq = 0) . Now let x G 3 such that = 1. Since 



J~]( u nPi -p l U n )xp l 
z=l 



< E -PiUnh < 2 E 

i=l i^j 



we see that 



\Ln.PLt,* P\ 



Bp) 



\L,, P PL,, 



|S(3) < 2Y\\Pj U nPih -> 0. 



By the remarks in the hrst paragraph of this proof and Remark 16. 1[ the latter is equivalent 
to say that w„au* — ¥ a in the quotient topology. 

In order to prove the converse we assume that the quotient topology on lAj (a) coincides 
with the topology inherited from a + 3. We need to consider two cases. In the first case we 
suppose that 3 ^ M.. Let M. be the supplement of the Lie algebra of G defined in Proposition 
3.21 If rank(a) = oo, we can construct a sequence [zu)k in -M such that ||zfe|| — > and 
\\ z k\\d = 1 (see Remark |3~7|) . 

Given e > 0, let M > 1 such that || Y^7=m+i ^iPi\\ — e - Then it follows that 



a 3 



l)a - a{e Zk - 1) 



< 2 \\e Zk - 1| 



< 2 



M 

E 

i=l 
M 

E 



Kp, 



XiPi 



-II 



w 

E ^ 

i=M+l 



Letting k — > oo, we find that e Zk ae~ Zk — > a in the norm || • ||;j, or equivalently, in the 
quotient topology. By the same argument used at the beginning of Lemma l3~8l we can arrive 
at H^felb — > 0, a contradiction with our previous choice of {zk)k- 

Now we turn to the case where 3 = A. Under the assumption that both topologies 
coincide on U&(a) we claim that the map 

A : Wa(o) — ► Usi(P), A(uau*) = L U PL U * , 

is continuous, when one endows U^(a) with the topology inherited from & and U&(P) with 
the topology inherited from B(&). In fact, by Proposition l3.14l the quotient and the inherited 
topologies always coincide on Ufi(P). Then the map A turns out to be the identity map of 
Ufi/G, and thus our claim follows. 

Again we suppose that rank(a) = oo. We will find a contradiction with the fact that A 
is continuous. Note that there must be an infinite number of finite rank projections in the 
family {pi }f and the eigenvalues of a satisfy A^ — > 0. Let be an orthonormal basis of 

H such that (£i,j(i))j(i)=i,...,rank(pj) is a basis of R(pi) for all i > 1. Then take the following 
sequence of unitary operators: 



+2,1 



1,1 



1,1 



1 in+2, 



where e n is the orthogonal projection onto { £n+i,i , £n+2,i }~ 
rank, then u n 6 Thus we get 



Note that u n — 1 has finite 



\u n au* n - a\\ = \\u n a - au n \\ 

= ||(A n +l — \ n +2) (£n+2,l 

< 2|A„+i - A„ +2 | -+0. 



(A 



n+2 



A n +i)(6. 



n+1,1 



*n+2,l 
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On the other hand, note that 



\L Un PL u . - P\\b(a) = SU P 

|| as 1 1 = 1 , x£fi 



^2(u n pi -piU n )xpi 



1=1 



> 



i=l 



= ||6i+2,l ®£n+l,l + £ra+l,l ®£n+2,l| = 1, 

which contradicts the continuity of A. Hence a must have finite rank, and the theorem is 
proved. □ 
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